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Introdution
This paper is based on the rst author's leture notes of a series of four letures
given by the seond author in June 2003 for the Quantum Groups seminar at
the Institut de Reherhe Mathématique Avanée in Strasbourg. It is about the
struture and lassiation of tensor ategories.
We always work over an algebraially losed eld k. By a tensor ategory over
k, we mean an abelian rigid monoidal ategory in whih the neutral objet 1 is
simple (i.e., does not ontain any proper subobjet), the vetor spaes Hom(X,Y )
are nite dimensional and all objets are of nite length.
The ategory of nite dimensional vetor spaes Vet
k
, the ategories of -
nite dimensional representations of a group G, a Lie algebra g, or a (quasi)Hopf
algebra H (respetively denoted RepG, Repg and RepH), or the ategory of in-
tegrable modules over an ane Lie algebra gˆ with fusion produt (whih an also
be obtained from quantum groups) are all tensor ategories in this sense.
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Tensor ategories appear in many areas of mathematis suh as representation
theory, quantum groups, onformal eld theory (CFT) and logarithmi CFT, op-
erator algebras, and topology (invariants of knots and 3-manifolds). The goal of
this paper is to give an introdution to some reent developments in this subjet.
The paper is subdivided into four setions, eah representing a single leture.
Setion 1 introdues the main objets of the paper. We reall basi ategorial
denitions and results, x the voabulary, and give examples (for more details,
we reommend the monographies [BaKi, Ma, K, Tu℄). The end of the setion is
devoted to the problem of realizability of fusion rings: examples are given, and
the Oneanu rigidity onjeture is formulated.
The goal of Setion 2 is to prove the Oneanu rigidity for fusion ategories in
harateristi zero. To do this, we introdue and disuss the notions of module
ategories and weak Hopf algebras. The more tehnial part of the proof is done
at the end of the setion.
Setion 3 is about three distint subjets. We start with a loser look at module
ategories, disussing the notion of Morita equivalene for them, and applying
general results to the representation theory of groups. Then we reall well-known
fats about braided, ribbon and modular ategories. Finally, the lifting theory
is presented: it allows us to extend some results from harateristi zero to the
positive harateristi ase.
Setion 4 overs the theory of Frobenius-Perron dimension, and its appliations
to lassiation results for fusion ategories.
We end this paper with two interesting open problems.
Remarks. 1. Being a set of leture notes, this paper does not ontain original
results. Most of the results are taken from the papers [ENO, EO1, O1, O2, O3℄ and
referenes therein, inluding the standard texts on the theory of tensor ategories.
2. To keep this paper within bounds, we had to refrain from a thorough re-
view of the history of the subjet and of the original referenes, as well as from
a detailed disussion of the preliminaries. We also often had to omit omplete
proofs. For all this material we refer the reader to books and papers listed in the
bibliography.
Aknowledgements. The authors are grateful to the partiipants of the letures
 P. Baumann, B. Enriquez, F. Fauvet, C. Grunspan, G. Halbout, C. Kassel, V.
Turaev, and B. Vallette. Their interest and exitement made this paper possible.
The seond author is greatly indebted to D. Nikshyh and V. Ostrik for teahing
him muh of the material given in these letures. He is also grateful to IRMA
(Strasbourg) for hospitality. His work was partially supported by the NSF grant
DMS-9988786.
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1 Finite tensor and fusion ategories
1.1 Basi notions
1.1.1 Denitions. Let C be a ategory.
Reall that C is additive over k if
(i) Hom(X,Y ) is a (nite dimensional) k-vetor spae for all X,Y ∈ Obj(C),
(ii) the map Hom(Y, Z)×Hom(X,Y )→ Hom(X,Z), (ϕ, ψ) 7→ ϕ ◦ψ is k-linear for
all X,Y, Z ∈ Obj(C),
(iii) there exists an objet 0 ∈ Obj(C) suh that Hom(0, X) = Hom(X,0) = 0 for
all X ∈ Obj(C),
(iv) nite diret sums exist.
Remark. When we deal with funtors between additive ategories, we always
assume they are also additive.
Further, reall that an additive ategory C is abelian if
(i) every morphism φ : X → Y has a kernel Kerφ (an objet K together with a
monomorphism K → X) and a okernel Cokerφ (an objet C together with an
epimorphism Y → C);
(ii) every morphism is the omposition of an epimorphism followed by a monomor-
phism;
(iii) for every morphism ϕ one has Kerϕ = 0 =⇒ ϕ = Ker(Cokerϕ) and
Cokerϕ = 0 =⇒ ϕ = Coker(Kerϕ).
It is known that C is abelian if and only if it is equivalent to a full subategory
of the ategory of modules over a algebra. Reall also that C is monoidal if there
exists
(i) a bifuntor ⊗ : C × C → C,
(ii) a funtorial isomorphism Φ : (−⊗−)⊗− → −⊗ (− ⊗−),
(iii) an objet 1 (alled the neutral objet) and two funtorial isomorphisms
λ : 1⊗− → − , µ : −⊗ 1→ − (the unit morphisms) ,
suh that for any two funtors obtained from − ⊗ · · · ⊗ − by inserting 1's and
parentheses, all funtorial isomorphisms between them omposed of Φ±1's, λ±1's
and µ±1's are equal.
Remark. In the spirit of the previous remark, for additive monoidal ategories
we assume that ⊗ is biadditive.
Theorem 1.1 (MaLane oherene, [Ma℄). The data (C,⊗,Φ, λ, µ) with (i), (ii)
and (iii) is a monoidal ategory if and only if the following properties are satised:
(1) Pentagon axiom. The following diagram is ommutative:
((− ⊗−)⊗−)⊗−Φ
1,2,3⊗id//
Φ12,3,4

(−⊗ (−⊗−))⊗− Φ1,23,4 // −⊗ ((−⊗−)⊗−)
id⊗Φ2,3,4

(−⊗−)⊗ (−⊗−) Φ1,2,34 // −⊗ (−⊗ (−⊗−))
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(2) Triangle axiom. The following diagram ommutes:
(−⊗ 1)⊗− Φ−,1,−//
µ⊗id ((PPP
P
P
P
P
P
P
P
P
P
−⊗ (1⊗−)
id⊗λ

−⊗−
A monoidal ategory is alled strit if (X ⊗ Y ) ⊗ Z = X ⊗ (Y ⊗ Z), 1 ⊗
X = X ⊗ 1 = X , and the assoiativity and unit isomorphisms are equal to the
identity. A theorem also due to Malane (see [K℄) says that any monoidal ategory
is equivalent to a strit one. In view of this theorem, we will always assume that
the ategories we are working with are strit, unless otherwise speied.
Reall that a right dual for X ∈ Obj(C) is an objet X∗ with two morphisms
eX : X
∗ ⊗X → 1 and iX : 1 → X ⊗X∗ (alled the evaluation and oevaluation
morphisms) satisfying the following two equations:
(i) (idX ⊗ eX) ◦ (iX ⊗ idX) = idX and
(ii) (eX ⊗ idX∗) ◦ (idX∗ ⊗ iX) = idX∗ .
A left dual
∗X with maps e′X : X ⊗∗X → 1 and i′X : 1→∗X ⊗X is dened in the
same way.
One an show that if it exists, the right (left) dual is unique up to a unique
isomorphism ompatible with evaluation and oevaluation maps.
A monoidal ategory is alled rigid if any objet has left and right duals.
Denition 1.2. A tensor ategory is a rigid abelian monoidal ategory in whih
the objet 1 is simple and all objets have nite length.
Example 1.3. The ategory RepH of nite dimensional representations of a
quasi-Hopf algebra H is a tensor ategory [Dr℄. This ategory is, in general, not
strit (although it is equivalent to a strit one): its assoiativity isomorphism is
given by the assoiator of H .
Proposition 1.4 ([BaKi℄). In a tensor ategory, the tensor produt funtor ⊗ is
(bi)exat.
1.1.2 The Grothendiek ring of a tensor ategory. Let C be a tensor ate-
gory over k.
Denition 1.5. The Grothendiek ring Gr(C) of C is the ring whose basis over Z
is the set of isomorphism lasses of simple objets, with multipliation given by
X · Y =
∑
Z simple
NZXY Z,
where NZXY = [X ⊗ Y : Z] is the multipliity (the number of ourenes) of Z in
X ⊗ Y (whih is well-dened by the Jordan-Hölder theorem).
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Examples 1.6. (i) C = RepCSL(2). Simple objets are highest weight representa-
tions Vj (of highest weight j ∈ Z), and the struture onstants of the Grothendiek
ring are given by the Clebsh-Gordan formula
Vi ⊗ Vj =
i+j∑
k=|i−j|
k≡i+j mod 2
Vk
(ii) C is the ategory of integrable modules (from ategory O) over the ane
algebra ŝl2 at level l with the fusion produt
Vi ⊗ Vj =
l−|i+j−l|∑
k=|i−j|
k≡i+j mod 2
Vk
In this ase Gr(C) is a Verlinde algebra.
(iii) C = Rep
k
Fun(G) for a nite group G. Simple objets are evaluation mod-
ules Vg , g ∈ G, and Vg ⊗ Vh = Vgh. So Gr(C) = Z[G].
More generally, pik a 3-oyle ω ∈ Z3(G,C×). To this oyle we an attah a
twisted version C(G,ω) of C: all the strutures are the same, exept the assoia-
tivity isomorphism whih is given by ΦVg,Vh,Vk = ω(g, h, k)id (and the morphisms
λ, µ are modied to satisfy the triangle axiom). The oyle ondition
ω(h, k, l)ω(g, hk, l)ω(g, h, k) = ω(gh, k, l)ω(g, h, kl)
is equivalent to the pentagon axiom. Again, we have Gr(C(G,ω)) = Z[G].
(iv) C = RepCS3. The basis elements (simple objets) are 1, χ, V , with produt
given by χ⊗ χ = 1, χ⊗ V = V ⊗ χ = V and V ⊗ V = V ⊕ 1⊕ χ.
(v) If C = RepG for G a unipotent algebrai group over C, then the unique sim-
ple objet is 1, hene Gr(C) = Z. In this ase, the Grothendiek ring does not give
a lot of information about the ategory beause the ategory is not semisimple.
(vi) C = RepH for the 4-dimensional Sweedler Hopf algebra H , whih is gen-
erated by g and x, with relations gx = −xg, g2 = 1, x2 = 0, and the oprodut ∆
given by ∆g = g ⊗ g and ∆x = x⊗ g + 1⊗ x. In this ase the only simple objets
are 1 and χ, with χ⊗ χ = 1.
1.1.3 Tensor funtors. Let C and D be two tensor ategories. A funtor F :
C → D is alled quasitensor if it is exat and equipped with a funtorial isomor-
phism J : F (− ⊗ −) → F (−) ⊗ F (−) and an isomorphism u : F (1) → 1. Suh a
funtor denes a morphism of unital rings Gr(C)→ Gr(D).
A quasitensor funtor F : C → D is tensor if the diagrams
F ((−⊗−)⊗−) J12,3 //
F (ΦC)

F (−⊗−)⊗ F (−) J⊗id// (F (−)⊗ F (−))⊗ F (−)
ΦD

F (−⊗ (−⊗−)) J1,23 // F (−)⊗ F (−⊗−) id⊗J// F (−)⊗ (F (−)⊗ F (−))
Letures on tensor ategories 7
F (1⊗−) J1,− //
F (λC)

F (1)⊗ F (−)
u⊗id

F (−) 1⊗ F (−)
λD
oo
and F (− ⊗ 1) J−,1 //
F (µC)

F (−)⊗ F (1)
id⊗u

F (−) F (−)⊗ 1µDoo
are ommutative.
An equivalene of tensor ategories is a tensor funtor whih is also an equivalene
of ategories.
Example 1.7. Let ω, ω′ ∈ Z3(G,k×) and ω′/ω = dη is a oboundary. Then η
denes a tensor struture on the identity funtor C(G,ω′)→ C(G,ω): the obound-
ary ondition
ω′(g, h, k)η(h, k)η(g, hk) = η(gh, k)η(g, h)ω(g, h, k)
is equivalent to the ommutativity of the previous diagram. Moreover, it is not
diult to see that this tensor funtor is in fat an equivalene of tensor ate-
gories. Thus the fusion ategory C(G,ω), up to equivalene, depends only on the
ohomology lass of ω. In partiular, we may use the notation C(G,ω) when ω is
not a oyle but a ohomology lass.
1.2 Finite tensor and fusion ategories
1.2.1 Denitions and examples.
Denition 1.8. An abelian ategory C over k is said to be nite if
(i) C has nitely many (isomorphism lasses of) simple objets,
(ii) any objet has nite length, and
(iii) any simple objet admits a projetive over.
This is equivalent to the requirement that C = RepA as an abelian ategory
for a nite dimensional k-algebra A.
Denition 1.9. A fusion ategory is a semisimple nite tensor ategory.
Examples 1.10. In examples 1.6, (i) is semisimple but not nite, (ii), (iii) and
(iv) are fusion, (v) is neither nite nor semisimple, and (vi) is nite but not
semisimple.
Reall that if C and D are two abelian ategories over k, then one an dene
their Deligne external produt C⊠D. Namely, if C = A-Comod and D = B-Comod
are the ategories of omodules over oalgebras A and B then C ⊠ D := A ⊗ B-
Comod.
If C and D are semisimple, the Deligne produt is simply the ategory whose
simple objets are X ⊠Y for simple X ∈ Obj(C) and Y ∈ Obj(D). If C and D are
tensor/nite tensor/fusion ategories then C ⊠D also has a natural struture of a
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tensor/nite tensor/fusion ategory (in the semisimple ase it is simply given by
(X ⊠ Y )⊗ (X ′ ⊠ Y ′) := (X ⊗ Y )⊠ (X ′ ⊗ Y ′)).
1.2.2 Reonstrution theory (Tannakian formalism). Let H be a (quasi-
)Hopf algebra and onsider C = RepH , the ategory of its nite dimensional
representations. The forgetful funtor F : C → Vet
k
has a (quasi)tensor struture
(the identity morphism). In addition, this funtor is exat and faithful. A funtor
C → Vet
k
with suh properties ((quasi)tensor, exat, and faithful) is alled a
(quasi)ber funtor.
Reonstrution theory tells us that every nite tensor ategory equipped with
a (quasi)ber funtor is obtained in this way, i.e., an be realized as the ategory
of nite dimensional representations of a nite dimensional (quasi-)Hopf algebra.
Namely, let (C, F ) be a nite tensor ategory equipped with a (quasi)ber
funtor, and set H = End(F ). Then H arries a oprodut ∆ dened as follows:
∆ : H → H ⊗H = End(F × F ); T 7→ J ◦ T ◦ J−1
Moreover, one an dene a ounit ǫ : H → k by ǫ(T ) = T|F (1) and an antipode
S : H → H by S(T )|F (X) = (T|F (X∗))∗ (in the quasi-ase this depends on the
hoie of the identiation jX : F (X)
∗ → F (X∗)).
This gives H a (quasi-)Hopf algebra struture (the hoie of jX has to do with
Drinfeld's speial elements α, β ∈ H). Thus we have bijetions:
Finite tensor ategories with quasiber
funtor up to equivalene and hanging
quasitensor struture of the funtor
←→ Finite dimensional quasi-Hopf algebras
up to isomorphism and twisting
Finite tensor ategories with ber
funtor up to equivalene
←→ Finite dimensional Hopf algebras
up to isomorphism
1.2.3 Braided and symmetri ategories. Let C be a monoidal ategory with
a funtorial isomophism σ : −⊗− → −⊗op −, where X ⊗op Y := Y ⊗X .
For given objets V1, . . . , Vn in C, we onsider an expression obtained from Vi1⊗
· · · ⊗Vin by inserting 1's and parentheses, and where (i1, . . . , in) is a permutation
of {1, . . . , n}. To any omposition ϕ of Φ's, λ's, µ's, σ's and their inverses ating
on it, we assign an element of the braid group Bn as follows: assign 1 to Φ, λ and
µ, and the generator σk of Bn to σVkVk+1 .
Denition 1.11. A braided monoidal ategory is a monoidal ategory as above
suh that the ϕ's depend only on their images in the braid group.
Again, we have a oherene theorem for braided ategories:
Theorem 1.12 ([JS℄). The data (C,⊗,1,Φ, λ, µ, σ) denes a braided ategory if
and only if (Φ, α) satisfy the Hexagon axioms: the diagrams
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(12)3
Φ //
σ⊗id

1(23)
σ1,23 // (23)1
Φ

(21)3
Φ // 2(13)
id⊗σ // 2(31)
(12)3
Φ //
σ−1⊗id

1(23)
σ−1
1,23 // (23)1
Φ

(21)3
Φ // 2(13)
id⊗σ−1// 2(31)
are ommutative.
Remark. 2(31) is short notation for the 3-funtor (V1, V2, V3) 7→ V2⊗ (V3⊗V1).
To get the denition of a symmetri monoidal ategory, the reader just has to
replae the braid group Bn by the symmetri group Sn in the denition. To say
it in another way, a symmetri monoidal ategory is a braided one for whih σ
satises σVW ◦ σWV = idV⊗W .
Example 1.13. Let H be a quasitriangular bialgebra (resp. Hopf algebra), i.e.,
a bialgebra (resp. Hopf algebra) with an invertible element R ∈ H ⊗H satisfying
∆op(x) = R∆(x)R−1, (id ⊗∆)(R) = R13R12 and (∆ ⊗ id)(R) = R13R23. Then
RepH is a braided monoidal (resp. rigid monoidal, i.e., tensor) ategory with
braiding σVW : a ⊗ b 7→ R21(b ⊗ a). Moreover, axioms for R are equivalent to
the requirement that RepH is braided (it is not diult to show that the rst
equation satised by R is equivalent to the funtoriality of σ, and the two others
are equivalent to the Hexagon relations).
If R is triangular, i.e., RR21 = 1 ⊗ 1 (in partiular if H is oommutative), then
RepH beomes a symmetri monoidal (resp. tensor) ategory.
1.2.4 The Drinfeld enter. Tannakian formalism tells us that there is a strong
link between nite tensor ategories and Hopf algebras. So it is natural to ask for
a ategoriation of the notion of the Drinfeld double for Hopf algebras.
Denition 1.14. The Drinfeld enter Z(C) of a tensor ategory C is a new tensor
ategory whose objets are pairs (X,Φ), whereX ∈ Obj(C) and Φ : X⊗− → −⊗X
is a funtorial isomorphism suh that ΦY⊗Z = (id ⊗ ΦZ) ◦ (ΦY ⊗ id), and with
morphisms dened by Hom((X,Φ), (Y,Ψ)) := {f ∈ Hom(X,Y )|∀Z, (f⊗ id)◦ΦZ =
ΨZ ◦ (id⊗ f)}.
Proposition 1.15. Z(C) is a braided tensor ategory, whih is nite if C is.
Proof. See [K℄ for the proof (the niteness statement an be found for example in
[EO1℄). Let us just note that the tensor produt of objets is given by (X,Φ) ⊗
(Y,Ψ) = (X⊗Y,Λ), where Λ(Z) = (Φ(Z)⊗ idY )◦(idX⊗Ψ(Z)), the neutral objet
by (1, id), and the braiding by σ(X,Φ),(Y,Ψ) = ΦY .
Theorem 1.16. If C is a fusion ategory over C, then Z(C) is also fusion.
Proof. This will be a onsequene of a more general statement given in subsetion
3.1.1.
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Remark. In positive harateristi, Z(C) is, in general, not fusion. For example, if
C = C(G, 1) over k = Fp, then Z(C) = Rep(k[G]⋉Fun(G)) whih is not semisimple
if |G| is divisible by p.
1.3 Fusion rings
1.3.1 Realizability of fusion rings. Broadly speaking, fusion rings are rings
whih have the basi properties of Grothendiek rings of fusion ategories. So let
us onsider a tensor ategory C.
(1) First, we have seen that if C is a tensor ategory, then A = Gr(C) is a ring
whih is a free Z-module with a distinguished basis {Xi}i∈I suh that X0 = 1
and multipliation (=fusion) rule Xi ·Xj =
∑
kN
k
ijXk, N
k
ij ≥ 0 (property 1).
(2) Seond, from the semisimpliity ondition we have
Proposition 1.17 (see e.g. [ENO℄). If C is a semisimple tensor ategory,
then for every simple objet V one has V ∗ ∼= ∗V (so V ∼= V ∗∗).
Proof. The oevaluation map provides an embedding 1 →֒ V ⊗V ∗. Sine the
ategory is semisimple, it implies that V ⊗ V ∗ ∼= 1 ⊕W , then there exists a
projetion p : V ⊗ V ∗ ։ 1. But in a rigid ategory, the only simple objet Y
suh that V ⊗ Y projets on 1 is ∗V .
Thus there exists an involution ∗ : i 7→ i∗ of I, dening an antiautomorphism
of A = Gr(C), and suh that N0ij = δij∗ (property 2).
Denition 1.18. A nite dimensional ring with a basis satisfying properties 1
and 2 is alled a based ring, or a fusion ring.
One of the basi questions of the theory of fusion ategories is
Problem 1.19. Given a fusion ring A, an it be realized as the Grothendiek ring
of a fusion ategory? If yes, in how many ways?
This problem is quite nontrivial, so let us start with a series of examples to
illustrate it.
1.3.2 Some important examples. In this subsetion we work over C unless
stated otherwise.
Example 1.20. Consider A = Z[G] for a nite group G, with involution ∗ : g 7→
g−1 being the inversion, and the fusion rule being the group law.
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Proposition 1.21. The set of realizations of A is H3(G,k×)/Out(G).
Proof. Indeed, it is easy to see that the only realizations of A are C(G,ω), and
two realizations orresponding to 3-oyles ω, ω′ are equivalent i the ohomology
lasses of ω, ω′ are linked by an automorphism of G. Sine G ats trivially on its
ohomology, we get the result.
Example 1.22. Consider fusion ring strutures on A = Z2 (as a Z-module). All
suh rings are of the form
An =< 1, X > with X
2 = 1+ nX and X∗ = X .
Theorem 1.23 ([O2℄). (i) A0 has two realizations: C(Z2, 1) and C(Z2, ω), where
ω is the nontrivial element in H3(Z2,k
×) = Z2.
(ii) A1 has two realizations: the fusion ategory of even highest weight ŝl2-modules
at level 3, and its Galois image.
(iii) For all n > 1, An has no realization.
Remark. The ategories in part (ii) of theorem 1.23 are alled the Yang-Lee
ategories and an also be obtained as quotients of the ategories of tilting modules
over the quantum group Uq(sl2), respetively with q = e
±ipi/10
and q = e±3ipi/10.
Example 1.24. Let Bn be the ring generated by X0, . . . , Xn−1 and Y , satisfying
the following relations: Y 2 = (n − 1)Y + ∑n−1i=0 Xi, XY = Y X = Y , Y ∗ = Y ,
XiXj = Xi+j and X
∗ = X−1 (indies are taken mod n).
Theorem 1.25 ([EGO, Corollary 7.4℄). Bn is realizable if and only if q := n+ 1
is a prime power. More preisely, it has three realizations for q=3, two when
q=4 or 8, and only one for other prime powers. One of the realizations is always
Rep(Z×q ⋉ Zq), the others being obtained by 3-oyle deformation.
Example 1.26 (Tambara-Yamagami ategories, [TY℄). Let (G, ∗) be a nite
group. Consider RG ∼= Z[G] ⊕ ZX , with fusion produt dened by the following
relations: X2 =
∑
g∈G g, gX = Xg = X , gh = g ∗ h, g∗ = g−1 and X∗ = X .
Theorem 1.27 ([TY℄). RG is realizable if and only if G is abelian. Realizations
are parametrized by a hoie of a sign ± and a symmetri isomorphism G → G∗
(suh an isomorphism always exists for abelian groups sine it exists for yli
ones).
If G = Z2, we obtain the fusion ring orresponding to the Ising model :
R =< 1, g,X > with fusion rules g2 = 1, gX = Xg = X and X2 = 1 + g.
In this ase R orresponds to the Grothendiek ring of the ategory of integrable
modules of ŝl2 at level 2 (V0 = 1, V1 = X and V2 = g).
1.3.3 The rigidity onjeture.
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Conjeture 1.28. (i) Any fusion ring has at most nitely many realizations over
k, up to equivalene (possibly none).
(ii) The number of tensor funtors between two xed fusion ategories, up to a
natural tensor isomorphism, is nite.
Thus, the onjeture suggests that fusion ategories and funtors between them
are disrete (rigid) objets and an't be deformed. It was rst proved in the
ase of unitary ategories by Oneanu; thus we all it Oneanu rigidity. The
onjeture is open in general but holds for ategories over C (and hene for all
elds of harateristi zero). Proving this will be the main goal of the next setion.
2 Oneanu rigidity
2.1 Main results
2.1.1 Müger's squared norms. Let C be a fusion ategory. For every simple
objet V , we are going to dene a number |V |2 ∈ k×, the squared norm of V . We
have already seen that V ∼= V ∗∗, so let us x an isomorphism gV : V → V ∗∗ and
onsider its quantum trae tr(gV ) := eV ∗ ◦ (gV ⊗ id) ◦ iV ∈ End(1) ∼= k.
Clearly, this is not an invariant of V , sine gV is well dened only up to saling.
However, the produt tr(gV )tr(g
∗−1
V ) is already independent on the hoie of gV
and is an invariant of V .
Denition 2.1 (Müger, [Mu1℄). |V |2 = tr(gV )tr(g∗−1V ), and the global dimension
of C is 1
dimC =
∑
V simple
|V |2 .
If dimC 6= 0, we say that C is nondegenerate.
Denition 2.2. A pivotal struture on C is an isomorphism of tensor funtors
g : Id → ∗∗. A ategory equipped with a pivotal struture is said to be a pivotal
ategory.
In a pivotal tensor ategory, we an dene dimensions of objets by dimV =
tr(gV ). The following obvious properties hold: dim(V ⊗W ) = dimV dimW and
|V |2 = dimV dimV ∗.
Denition 2.3. We say that a pivotal struture g is spherial if dimV = dimV ∗
for all simple objets V .
1
To avoid onfusion, we will use the notation dim for global dimensions, and itali dim for
vetor spae dimensions.
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Remarks. 1. It is not known if every fusion ategory admits a pivotal or spher-
ial struture.
2. For a simple objet V one has tr(gV ) 6= 0. Indeed, otherwise 1 →֒ V ⊗V ∗ ։
1, and then the multipliity [V ⊗ V ∗ : 1] ≥ 2, whih is impossible in a semisimple
ategory.
Example 2.4. Let H be a nite dimensional semisimple Hopf algebra over k.
Sine k is algebraially losed, it is equivalent to saying that H has a deomposi-
tion:
H =
⊕
V simple
End(V ) .
It is well-known that the squared antipode S2 is an inner automorphim (∃g ∈
H×, S2(x) = gxg−1); this is nothing but the statement (proved above) that V
is isomorphi to V ∗∗ for simple H-modules V . Thus |V |2 = trV (S2|End(V )) and
dim(RepH) = trH(S
2).
It is onjetured (by Kaplansky, [K℄) that S2 = 1; this would imply that RepH ad-
mits a spherial struture, suh that |V |2 = dim(V )2 and dim(RepH) = dim(H).
For k = C, this is the well-known Larson-Radford theorem [LR℄.
2.1.2 Main theorems.
Theorem 2.5 (Oneanu, Blanhard-Wassermann, see [BW, ENO℄). If C is non-
degenerate, then 1) it has no nontrivial rst order deformations of its assoiativity
onstraints, and 2) any tensor funtor from C has no nontrivial rst order defor-
mations of its tensor struture.
Theorem 2.6 ([ENO℄). Any fusion ategory over C is nondegenerate.
The rst theorem implies Oneanu rigidity for nondegenerate fusion ategories
(see [ENO, 7.3℄ for the preise argument), and the seond one proves the rigidity
onjeture for fusion ategories over C.
In order to prove these theorems, we have to introdue and disuss the notions of
module ategories and weak Hopf algebras.
2.2 Module ategories
We have seen that the notion of a tensor ategory is the ategoriation of the
notion of a ring. Similarly, the notion of a module ategory whih we are about
to dene is the ategoriation of the notion of a module over a ring.
Let C be a tensor ategory.
Denition 2.7. A left module ategory over C is an abelian ategoryM with an
exat bifuntor ⊗ : C ×M→M and funtorial isomorphisms α : (−⊗ −)⊗ • →
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−⊗(−⊗•) and η : 1⊗• → • (where • ∈ M) suh that for any two funtors obtained
from − ⊗ · · · − ⊗• by inserting 1's and parenthesis, all funtorial isomorphisms
between them omposed of Φ±1's, µ±1's, α±1's and η±1's are equal.
The denition of a right module ategory over C is analogous. We also leave it
to the reader to dene equivalene of module ategories.
There is an analog of the MaLane oherene theorem for module ategories
whih laims that it is suient for Φ, µ, α and η to make the following diagrams
ommute:
((− ⊗−)⊗−)⊗ •Φ
1,2,3⊗id//
α12,3,4

(−⊗ (−⊗−))⊗ • α1,23,4 // −⊗ ((−⊗−)⊗ •)
id⊗α2,3,4

(−⊗−)⊗ (−⊗ •) α1,2,34 // −⊗ (−⊗ (−⊗ •))
and (− ⊗ 1)⊗ • α−,1,• //
µ⊗id ''PP
P
P
P
P
P
P
P
P
P
P
−⊗ (1⊗ •)
id⊗η

−⊗ •
Examples 2.8. (i) C is a left module ategory over itself.
(ii) Dene the tensor ategory Cop, whih oinides with C as an abstrat ate-
gory, and has reversed tensor produt ⊗op, whih is dened by X⊗op Y = Y ⊗X .
The assoiativity and unit morphisms are dened in an obvious manner. Then C
is a right module ategory over Cop.
(iii) We dedue from (i) and (ii) that C is a left module ategory over C ⊠ Cop.
(iv) If C = Vet
k
and M = RepA for a given algebra A over k, then M is a
left module ategory over C.
Note that if M is a left (right) module ategory over C, then its Grothendiek
group Gr(M) is a left (respetively, right) Gr(C)-module, with a distinguished
basis Mj and positive struture onstants N
r
ij suh that Xi ·Mj =
∑
rN
r
ijMr. In
this way, we an assoiate to any objet X ∈ Obj(C) its left (right) multiplia-
tion matrix NX , whih has positive entries, and in the semisimple ase NX∗ = N
T
X .
If C is a fusion ategory, we will be interested in semisimple nite module
ategories over C. Suh a module ategory is alled indeomposable if M is not
module equivalent to M1 ⊕M2 for nonzero module ategoriesMi, i = 1, 2.
As was mentioned above, the theory of module ategories should be viewed as
a ategorial analog of the theory of modules (representation theory). Thus the
main problem in the theory of module ategories is
Problem 2.9. Given a fusion ategory C, lassify all indeomposable module at-
egories over C whih are nite and semisimple.
The answer is known only for a few partiular ases. For example, one has the
following result (see [KO, O1℄ for proof and referenes):
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Theorem 2.10. If C is the ategory of integrable modules over ŝl2 at level l,
then semisimple nite indeomposable module ategories over C are in one-to-one
orrespondene with simply laed Dynkin diagrams of ADE type and with Coxeter
number h = l + 2.
2.2.1 The ategory of bimodules. Let C be a tensor ategory. A struture of a
left module ategory over C on an abelian ategoryM is the same thing as a tensor
funtor C → Fun(M,M) (Fun(M,M) is the monoidal ategory whose objets are
exat funtors from M to itself, morphisms are natural transformations, and the
tensor produt is just the omposition of funtors). This is just the ategorial
analog of the tautologial statement that a module M over a ring A is the same
thing as a representation ρ : A→ End(M).
If M is semisimple and nite, then M ∼= RepA as an abelian ategory for a
(nonunique) nite dimensional semisimple algebra A. Therefore, strutures of a
left module ategory over C on M are in one-to-one orrespondene with tensor
funtors C → Fun(M,M) = A-bimod.
Remark. In partiular, if M has only one simple objet (i.e. M∼= Vet
k
as an
abelian ategory), then C-module ategory strutures on M orrespond to ber
funtors on C.
Let us onsider more losely the struture of the ategory A-bimod. Its tensor
produt ⊗˜ is the tensor produt over A. The simple objets in this ategory are
Mij = Homk(Mi,Mj), where Mi ∈ Obj(M) are simple A-modules; and we have
Mij⊗˜Mi′j′ = δi′jMij′ . Thus A-bimod is nite semisimple and satises all the
axioms of a tensor ategory exept one: 1 = ⊕iMii is not simple, but semisimple.
Denition 2.11. A multitensor ategory is a ategory whih satises all axioms
of a tensor ategory exept that the neutral objet is only semisimple.
A multifusion ategory is a nite semisimple multitensor ategory.
Thus, A-bimod is a multifusion ategory.
2.2.2 Constrution of module ategories over fusion ategories. Let B
be an algebra in a fusion ategory C. The ategory M of right B-modules in C
is a left module ategory over C: let X ∈ Obj(C) and M be a right B-module
(M ⊗B →M), then the omposition (X⊗M)⊗B→˜X⊗ (M ⊗B)→ X⊗M gives
us the struture of a right B-module on X⊗M (and so it denes a struture of left
C-module ategory onM). We will onsider the situation whenM is semisimple;
in this ase the algebra B is said to be semisimple.
Theorem 2.12 ([O1℄). Any semisimple nite indeomposable module ategory
over a fusion ategory an be onstruted in this way (but nonuniquely).
Example 2.13. Let us onsider the ategory C(G,ω), with G a nite group
and ω ∈ Z3(G,k×) a 3-oyle. Let H ⊂ G be a subgroup suh that ω|H = dψ
16 Damien Calaque and Pavel Etingof
for a ohain ψ ∈ C2(H,k×). Dene the twisted group algebra B = kψ[H ]:
B = ⊕h∈HVh as an objet of C (where Vh is the 1-dimensional module or-
responding to h ∈ H), and the multipliation map B ⊗ B → B is given by
ψ(g, h)Id : Vg ⊗ Vh → Vgh = Vg ⊗ Vh. The ondition ω|H = dψ, whih an be
rewritten as ψ(h, k)ψ(g, hk)ω(g, h, k) = ψ(gh, k)ψ(g, h) for all g, h, k ∈ H , assures
the assoiativity of the produt for B (i.e., B is an algebra in C(G,ω)). We all
M(H,ψ) the ategory of right B-modules in C(G,ω).
Theorem 2.14 ([O3℄). Assume char(k) does not divide |G|. All semisimple nite
indeomposable module ategories over C(G,ω) have this form. Moreover, two
module ategories M(H1, ψ1) and M(H2, ψ2) are equivalent if and only if the
pairs (H1, ψ1) and (H2, ψ2) are onjugate under the adjoint ation of G.
Proof. Let M be an indeomposable module ategory over C(G,ω). Sine for
every simple objet we have X = Vg, X ⊗X∗ = Vg ⊗ Vg−1 = 1, the multipliation
matrix NX of X satises the equation NXN
T
X = id and thus NX is a permutation
matrix. So we have a group homomorphism G → Perm(simple(M)). But M is
indeomposable, therefore G ats transitively on Y := simple(M) and so Y =
G/H .
Thus M is the ategory of right B-modules in C(G,ω), where B = kψ[H ] for
a 2-ohain ψ ∈ C2(H,k×). The assoiativity ondition for the produt in B,
as we saw above, is equivalent to ψ(h, k)ψ(g, hk)ω(g, h, k) = ψ(gh, k)ψ(g, h) (i.e.,
ω|H = dψ). We are done.
2.3 Weak Hopf algebras
Tensor funtors C → A-bimod are a generalization of ber funtors (whih are
obtained when A = k). So it makes sense to generalize reonstrution theory for
them. This leads to Hopf algebroids, or, in the semisimple ase, to weak Hopf
algebras.
2.3.1 Denition and properties of weak Hopf algebras.
Denition 2.15 ([BNS℄). A weak Hopf algebra is an assoiative unital algebra
(H,m, 1) together with a oprodut ∆, a ounit ǫ, and an antipode S suh that:
1) (H,∆, ǫ) is a oassoiative ounital oalgebra.
2) ∆ is a morphism of assoiative algebras (not neessary unital).
3) (∆⊗ id) ◦∆(1) = (∆(1)⊗ 1) · (1⊗∆(1)) = (1⊗∆(1)) · (∆(1)⊗ 1)
4) ǫ(fgh) = ǫ(fg1)ǫ(g2h) = ǫ(fg2)ǫ(g1h)
5) m ◦ (id⊗ S) ◦∆(h) = (ǫ⊗ id) ◦ (∆(1) · (h⊗ 1))
6) m ◦ (S ⊗ id) ◦∆(h) = (id⊗ ǫ) ◦ ((1⊗ h) ·∆(1))
7) S(h) = S(h1)h2S(h3)
Here we used Sweedler's notation: ∆k(x) = x1 ⊗ x2 ⊗ ...⊗ xk (∆k is the k-fold
oprodut and summation is impliitly assumed).
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Remarks. 1. The notion of nite dimensional weak Hopf algebra is self-dual, i.e.,
if (H,m, 1,∆, ǫ, S) is a nite dimensional weak Hopf algebra then (H∗,∆∗, ǫ∗,m∗,
1∗, S∗) is also a nite dimensional weak Hopf algebra.
2. Let H be a weak Hopf algebra. H is a Hopf algebra if and only if ∆(1) = 1⊗ 1
(that is equivalent to the requirement that ǫ is an assoiative algebra morphism).
The linear maps ǫt : h 7→ ǫ(11h)12 and ǫs : h 7→ 11ǫ(h12) dened by 5) and 6)
in the denition are alled the target and soure ounital maps respetively. The
images At = ǫt(H) and As = ǫs(H) are the target and soure bases of H .
Proposition 2.16 ([NV, Setion 2℄). At and As are semisimple algebras that
ommute with eah other, and S|At : At → As is an algebra antihomomorphism.
An espeially important and tratable lass of weak Hopf algebras is that of
regular weak Hopf algebras, dened as follows.
Denition 2.17. A weak Hopf algebra H is regular if S2 = id on At and As.
>From now on all weak Hopf algebras we onsider will be assumed regular.
Let H be a nite dimensional weak Hopf algebra and onsider the ategory
C = RepH . One an dene the tensor produt V ⊗ W of two representations:
V ⊗W := ∆(1)(V ⊗
k
W ) as a vetor spae, and the ation of any x ∈ H on V ⊗W
is given by ∆(x). As in the ase of a Hopf algebra, the assoiativity morphism is
the identity, ǫt gives At the struture of an H-module whih is the neutral objet
in C, and the antipode S allows us to dene duality. This endows C with the
struture of a nite tensor ategory [NTV, Setion 4℄.
In the ase when H is regular, eah H-moduleM is also an At⊗As-module (by
Proposition 2.16), and hene it is an At-bimodule (sine As = A
op
t ). Moreover,
the forgetful funtor C = H-mod→ At-bimod is tensor.
2.3.2 Reonstrution theory. Let C be a nite tensor ategory, A a nite di-
mensional semisimple algebra and F : C → A-bimod a tensor funtor. Assume
that the sizes of the matrix bloks of A are not divisible by char(k) (for example,
A is ommutative or char(k) = 0).
Consider H = End
k
(F ) = End(F ), where F is the omposition of F with the
forgetful funtor Forget to vetor spaes; it is a unital assoiative algebra. Sine
any F (X) is an A-bimodule, there exists an algebra antihomomorphism s : A→ H
and an algebra morphism t : A → H suh that [s(a), t(a′)] = 0 for all a, a′ ∈ A.
Moreover, we an dene a kind of oprodut ∆ : End
k
(F )→ End
k
(F × F ) in the
same way as for tannakian formalism: ∆(T ) = J ◦ T ◦ J−1. Thus ∆(T ) an be
interpreted as an element
∆(T ) ∈ H ⊗A H = H ⊗H/ < t(a)x⊗ y − x⊗ s(a)y >,
suh that ∆(T )(t(a)⊗ 1+1⊗ s(a)) = 0 for all a ∈ H . Now, sine A is semisimple,
there is a anonial map
η : H ⊗A H → H ⊗k H ; m⊗ n 7→
∑
i
mei ⊗ ein
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for dual bases (ei) and (e
i) of A relatively to the pairing (a, b) = trA(LaLb), where
La is the operator of left multipliation by a (note that beause of our assumption
on the blok sizes this pairing is nondegenerate). We an thus dene the true
oprodut ∆ = η ◦∆ : H → H ⊗H whih turns out to be oassoiative.
One an also dene a ounit ǫ : H → k by ǫ(T ) = trA(T|F (1)) and an antipode
S : H → H by S(T )|F (X) = (T|F (X∗))∗.
Theorem 2.18. The assoiative unital algebra H equipped with ∆, ǫ and S as
above is a regular weak Hopf algebra. Moreover, C ∼= RepH as a tensor ategory.
Thus, given a tensor ategory C over k and a nite dimensional semisimple
algebra A with blok sizes not divisible by char(k), we have bijetions (modulo
appropriate equivalenes):
Finite dimensional regular weak Hopf
algebras H with bases At = A and As = A
op
OO

kk
++VV
V
V
V
V
V
V
V
V
Finite tensor ategories with tensor
funtor F : C → A-bimod
oo //
Finite semisimple indeomposable
module ategories over C, equivalent
to A-mod as abelian ategories
If C is a fusion ategory, then C is a semisimple module ategory over itself. So
C ∼= RepH as a tensor ategory for a semisimple weak Hopf algebra H with base
A = ⊕i∈Iki.
Corollary 2.19 (Hayashi). Any fusion ategory is the representation ategory of
a nite dimensional semisimple weak Hopf algebra with a ommutative base.
Remark. It is not known to us if there exists a (nonsemisimple) nite tensor
ategory whih is not the ategory of representations of a weak Hopf algebra (i.e.
does not admit a semisimple module ategory). Finding suh a ategory is an
interesting open problem.
2.4 Proofs
2.4.1 Nondegeneray of fusion ategories over C.
Proposition 2.20 ([N℄, [ENO℄). In any fusion ategory, there exists an isomor-
phism of tensor funtors δ : id→ ∗ ∗ ∗∗.
Proof. Reall that C ∼= RepH for a nite dimensional semisimple regular weak
Hopf algebraH . In the semisimple ase, the generalization of Radford's S4 formula
by Nikshyh [N, Setion 5℄ tells us that:
∃a ∈ G(H), ∀x ∈ H,S4(x) = a−1xa ,
where a ∈ G(H) means a is invertible and ∆(a) = ∆(1)(a⊗a) = (a⊗a)∆(1) (i.e.,
a is a grouplike element). Thus we an dene δ by δV = a
−1|V . Then for every
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H-modules V and W , the fat that δV⊗W = δV ⊗ δW follows from the grouplike
property of a.
Theorem 2.21 ([ENO℄). For fusion ategories over C, for any simple objet V
one has |V |2 > 0.
In partiular, this implies that for any fusion ategory C over C one has dimC ≥
1 and so is nondegenerate.
Question. Does there exist ǫ > 0 suh that for every fusion ategory C over
C whih is not Vet
k
, dimC > 1 + ǫ?
Proof of the theorem. First do the pivotal ase. In this ase dim(V ⊗ W ) =
dimV dimW for all objets V,W , thus didj =
∑
kN
k
ijdk, where di = dim(Xi)
are the dimensions of the simple objets. In a shorter way we an rewrite these
equalities as Ni ~d = di ~d, where ~d = (d0, . . . , dn−1).
For all i, j, k ∈ I,
Nki∗j = dim(Hom(X
∗
i ⊗Xj , Xk)) = dim(Hom(Xj , Xi ⊗Xk)) (by rigidity)
= dim(Hom(Xi ⊗Xk, Xj)) (by semisimpliity)
= N jik
Therefore NTi Ni
~d = Ni∗Ni ~d = di∗di ~d = |Xi|2 ~d, so |Xi|2 is an eigenvalue of NTi Ni
assoiated to
~d 6= ~0 and onsequently |Xi|2 > 0.
Now we extend the argument to the non-pivotal ase. Let us dene the pivotal
extension C of C, whih is the fusion ategory whose simple objets are pairs (X, f):
X is simple in C and f : X→˜X∗∗ satises f∗∗f = δX for the isomorphism of tensor
funtors δ : id→ ∗∗∗∗ onstruted above. The ategory C has a anonial pivotal
struture (X, f) → (X∗∗, f∗∗) (whih is given by f itself), thus |(X, f)|2 > 0.
Finally the forgetful funtor C → C; (X, f) 7→ X preserves squared norms, and so
|X |2 > 0.
2.4.2 Proof of Oneanu rigidity: the Davydov-Yetter ohomology. Let
D be a tensor ategory. Dene the following ohain omplex attahed to D:
• Cn(D) = End(Tn), where Tn is the n-funtor Dn → D; (X1, . . . , Xn) 7→ X1 ⊗
...⊗Xn (T0 = 1 and T1 = id).
• The dierential d : Cn(D)→ Cn+1(D) is given by
df = id⊗f2,...,n+1−f12,3,...,n+1+· · ·+(−1)nf1,...,n−1,nn+1+(−1)n+1f1,...,n⊗id
Hn(D) is the n-th spae of the Davydov-Yetter ohomology ([Dav, Y℄).
Example 2.22. Assume D = RepH for a Hopf algebra H . Then Cn(D) =
(H⊗n)Had . (Cn, d) is a subomplex of the o-Hohshild omplex for H with
trivial oeients.
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Proposition 2.23 (see [Y℄). H3(D) and H4(D) respetively lassify rst order
deformations of assoiativity onstraints in D and obstrutions to these deforma-
tions.
Examples 2.24. (i) Let G be a nite group and D = C(G, 1). Then Hi(D) =
Hi(G,k), and thus Hi(D) = 0 for i > 0 if k = C or |G| and har(k) are oprime.
(ii) Let G be a semisimple omplex Lie group with Lie algebra g and onsider
C = RepG. Then Hi(C) = (∧ig)G = Hi(G,C). In partiular, H3(C) = C and
H4(C) = 0. So there exists a unique one-parameter deformation of C = RepG
whih is realized by RepU~(g).
The next result implies in partiular the rst part of Theorem 2.5.
Theorem 2.25 ([ENO℄). Let D be a nondegenerate fusion ategory over k. Then
for all i > 0, Hi(D) = 0.
Proof. The proof is based on the notion of ategorial integral.
Suppose that f ∈ Cn(D) (for X1, . . . , Xn, fX1,...,Xn : X1 ⊗ · · · ⊗Xn → X1 ⊗ · · · ⊗
Xn). Dene
∫
f ∈ Cn−1 in the following way: for X1, . . . , Xn−1 ∈ Obj(D),
(
∫
f)X1,...,Xn−1 =
∑
V simple
trV ((id⊗ gV ) ◦ fX1,...,Xn−1,V )tr(g∗−1V )
where trV ((id⊗ gV ) ◦ fX1,...,Xn−1,V ) is equal to
(id⊗n ⊗ eV ∗) ◦ (id⊗(n−1) ⊗ gV ⊗ id) ◦ (fX1,...,Xn−1,V ⊗ id) ◦ (id⊗n ⊗ iV )
Remark. By denition,
∫
id = dimD.
Assume now that f ∈ Zn(D) is a oyle. Then if we put ϕ = ∫ f , we have
0 =
∫
df
= id⊗
∫
f2,...,n+1 −
∫
f12,3,...,n+1 + · · ·
+ (−1)n
∫
f1...,n−1,nn+1 + (−1)n+1f1,...,n ⊗
∫
id
= id⊗ ϕ2,...,n − ϕ12,3,...,n + · · ·
+ (−1)n−1ϕ1,...,n−1n + (−1)n
∫
f1...,n−1,nn+1 + (−1)n+1dimD · f1,...,n
Lemma 2.26 ([ENO℄).
∫
f1,...,n−1,nn+1 = ϕ1,...,n−1 ⊗ id.
Proof of the lemma. The proof is based the theory of weak Hopf algebras, and we
will omit it, see [ENO℄, Setion 6.
Thus when dimD 6= 0, f = 1
dimD (−1)n−1dϕ.
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Remark. In the same way, for any tensor funtor F : C → D, one an dene a
ohain omplex CnF (C) = End(Tn ◦ F⊗n) and a dierential d : CnF (C)→ Cn+1F (C)
whih is given by
df = id⊗ f2,...,n+1 − f12,3,...,n+1 + · · ·+ (−1)nf1,...,n−1,nn+1 + (−1)n+1f1,...,n ⊗ id
where f1,...,ii+1,...,n+1 ats on F (X1) ⊗ · · · ⊗ F (Xn+1) as f on F (X1) ⊗ · · · ⊗
F (Xi ⊗ Xi+1) ⊗ · · · ⊗ F (Xn+1) (we have used the tensor struture to identify
F (Xi)⊗ F (Xi+1) and F (Xi ⊗Xi+1)).
Then one an show (see [ENO℄) that the orresponding ohomology spaes HiF (C)
are trivial for nondegenerate ategories, and that H2F (C) (resp. H3F (C)) lassies
rst order deformations of the tensor struture of F (resp. obstrutions to these
deformations). Thus the seond part of Theorem 2.5 is proved.
3 Morita theory, modular ategories, and lifting
theory
3.1 Morita theory in the ategorial ontext
3.1.1 Dual ategory with respet to a module ategory.
Problem 3.1. Let H be a nite dimensional (weak) Hopf algebra. C = Rep(H)
is a nite tensor ategory. How to desribe the ategory Rep(H∗) in terms of C?
The answer is given by the next denitions.
Denition 3.2. A module funtor between module ategories M1,M2 over C
is an additive funtor F : M1 → M2 together with a funtorial isomorphism
J : F (−⊗1 •)→ −⊗2 F (•) suh that the following diagrams ommute:
F ((−⊗C −)⊗1 •) F (α) //
J

F (−⊗1 (− ⊗1 •)) J // − ⊗2 F (−⊗1 •)
id⊗J

(−⊗C −)⊗2 F (•) α // −⊗2 (− ⊗2 F (•))
and F (1⊗1 •)
J
1,• //
F (η1) &&MM
M
M
M
M
M
M
M
M
M
1⊗2 F (•)
η2

F (•)
Let C be a tensor ategory (not neessarily semisimple) and M a left module
ategory over C.
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Denition 3.3. The dual ategory of C with respet to M is the ategory
C∗M = FunC(M,M), the ategory of module funtors fromM to itself with tensor
produt being the omposition of funtors.
Thus the notion of the dual ategory is the ategoriation of the notion of the
entralizer of an algebra in a module.
Observe that C∗M is a monoidal ategory andM is a left module ategory over it.
However, C∗M is not always rigid. For example, if C = Vetk and M = A-mod for
a nite dimensional assoiative algebra A over k, then C∗M = FunVetk(M,M) =
Fun(M,M). This ategory ontains the ategory A-bimod with tensor produt
⊗A whih is not exat if A is not semisimple (while it must be exat in the rigid
ase).
Thus, to insure rigidity of the dual ategory, we should perhaps restrit our-
selves to a sublass of module ategories. A sublass that turns out to produe a
good theory is that of exat module ategories. Namely (see [EO1℄), a left module
ategory is alled exat if for any projetive objet P in C, and any X ∈ Obj(M),
P ⊗X is also projetive. Suh a ategory is nite if and only if it has nitely many
simple objets. In the partiular ase of a fusion ategory C, exatness for module
ategories oinides with semisimpliity.
Theorem 3.4 ([EO1℄). If C is a nite tensor ategory and M is a nite indeom-
posable exat left module ategory over it, then C∗M is a nite tensor ategory.
Examples 3.5. (i) If C = RepH and M = RepA for a nite dimensional regular
weak Hopf algebra with bases A,Aop, then C∗M = Rep(H∗op).
(ii) Let C = C(G,ω) and M =M(H,ψ) be as in example 2.13. Then one an
onsider the ategory of B-bimodules C(G,ω,H, ψ) := C∗M, where B = kψ[H ] is
the twisted group algebra of H in C. Suh ategories are alled group theoretial.
Let C be a nite tensor ategory and M a nite indeomposable exat left
module ategory over C. Then one an show ([ENO, EO1, O1℄) that the following
properties hold:
(1) (C∗M)∗M = C
(2) (C ⊠ C∗M)∗M = Z(C)
(3) C∗C = Cop (and then (C ⊠ Cop)∗C = Z(C) by the previous one).
(4) If M = B-mod for a semisimple algebra B in a fusion ategory C, then
C∗M = B-bimod.
(5) If C is a nondegenerate fusion ategory, then C∗M is also fusion. Moreover,
dimC∗M = dimC, and thus dimZ(C) = (dimC)2.
Remark. Note that property (1) is the ategorial version of the double entralizer
theorem for semisimple algebras (saying that the entralizer of the entralizer of
A in a module M is A if A is a nite dimensional semisimple algebra). Property
(2) is the ategorial analog of the statement that if A′ is the entralizer of A in
M then the entralizer of A⊗A′ in M is the enter of A. Finally, property (3) is
the ategorial version of the fat that the entralizer of A in A is Aop.
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3.1.2 Morita equivalene of nite tensor ategories. By now, all module
ategories are supposed to be nite and exat.
Denition 3.6. Two nite tensor ategories C and D are Morita equivalent
if there exists an indeomposable (left) module ategory M over C suh that
C∗M = Dop. In this ase we write C ∼M D.
Obviously, this notion is the ategorial analog of Morita equivalene of asso-
iative algebras.
Proposition 3.7 (Müger, [Mu1, Mu2℄). Morita equivalene of nite tensor ate-
gories is an equivalene relation.
Proof. This relation is reexive sine C∗C = Cop.
To prove the symmetry, assume that C∗M = Dop, and deneM∨ := Fun(M,Vetk).
This is a left (indeomposable) module ategory over D and D∗M∨ = Cop. Now let
us prove transitivity. Suppose C ∼M D and D ∼N E . Take P = FunD(M∨,N )
(By analogy with ring theory, we ould denote this ategory by M⊗D N .) Then
C∗P = Eop. Thus the transitivity ondition is veried.
Theorem 3.8 ([Mu1, Mu2℄; see also [O3℄). Let C ∼M D be a Morita equivalene
of nite tensor ategories. Then there is a bijetion between indeomposable left
module ategories over C and D. It maps N over C to FunC(M,N ) over D.
This, obviously, is the ategorial version of the well known haraterization of
Morita equivalent algebras: their ategories of modules are equivalent.
Corollary 3.9 ([O3℄). Indeomposable left module ategories over C(G,ω,H, ψ)
are
M(H,ψ,H ′, ψ′) := FunC(G,ω)(M(H,ψ),M(H ′, ψ′))
3.1.3 Appliation to representation theory of groups. Let G be a nite
group and onsider the ategory D = RepG. In fat, D = C(G, 1)∗M with M =
M(G, 1) = Vet
k
. Hene, indeomposable D-module ategories are of the form
M(G, 1, H, ψ) = RepCψ[H ].
Now reall that ber funtors are lassied by module ategories with only one
simple objet. In our ase it orresponds to the ase when Cψ[H ] is simple, whih
is equivalent to the requirement that ψ is a nondegenerate 2-oyle, in the sense
of the following denition.
Denition 3.10. A 2-oyle ψ on H is nondegenerate if H admits a unique
projetive irreduible representation with oyle ψ of dimension
√|H |.
A group H whih admits a nondegenerate oyle is said to be of entral type.
24 Damien Calaque and Pavel Etingof
Remarks. 1. It is obvious that a group of entral type has order N2, where N
is an integer.
2. Howlett and Isaas [HI℄ showed that any group of entral type is solvable.
This is a deep result based on the lassiation of nite simple groups.
Theorem 3.11 ([EG, Mo℄). Fiber funtors on RepG (i.e., Hopf twists on C[G]
up to a gauge) are in one-to-one orrespondene with pairs (H,ψ), where H is a
subgroup of G and ψ a nondegenerate 2-oyle on H modulo oboundaries and
inner automorphisms.
Proof. The theorem follows from Theorem 3.8 and Corollary 3.9. We leave the
proof to the reader.
Corollary 3.12 ([TY℄). Let D8 be the group of symmetries of the square and Q8
the quaternion group. Then RepD8 and RepQ8 are not equivalent (although they
have the same Grothendiek ring).
Proof of the orollary. In Q8, all subgroups of order 4 are yli and hene do not
admit any nondegenerate 2-oyle.
On the other hand, D8 has two subgroups isomorphi to Z2 × Z2 (not onjugate)
and eah has one nondegenerate 2-oyle. Thus Q8 has fewer ber funtors (in
fat only 1) than D8 (whih has 3 suh).
So, we see that one an sometimes establish that two fusion ategories are not
equivalent (as tensor ategories) by ounting ber funtors. Similarly, one an
sometimes show that two fusion ategories are not Morita equivalent by ounting
all indeomposable module ategories over them (sine we have seen that Morita
equivalent fusion ategories have the same number of indeomposable module at-
egories). Let us illustrate it with the following example.
Example 3.13. We want to show that Rep(Zp×Zp) and RepZp2 are not Morita
equivalent.
First remember that RepG = C(G, 1, G, 1) and module ategories over it are
parametrized by (H,ψ), where H is a subgroup of G and ψ ∈ H2(H,C×).
On the one hand, Zp2 has three subgroups (Zp2 itself, Zp, and 1), all with a trivial
seond ohomology. Thus RepZp2 has 3 indeomposable module ategories. On
the other hand, Zp × Zp has p+ 3 subgroups: Zp × Zp, p+ 1 opies of Zp, and 1.
Moreover, Zp × Zp has p 2-oyles up to oboundaries. Thus Rep(Zp × Zp) has
2p+ 2 > 3 module ategories. 2
3.2 Modular ategories and the Verlinde formula
Let C be a braided tensor ategory. Then we have a anonial (non-tensor) fun-
torial isomorphism u : id→ ∗∗ given by the omposition
V → V ⊗ V ∗ ⊗ V ∗∗ → V ∗ ⊗ V ⊗ V ∗∗ → V ∗∗
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(the maps are the oevaluation, the braiding, and the evaluation). This isomor-
phism is alled the Drinfeld isomorphism. Using the Drinfeld isomorphism, we
an dene a tensor isomorphism δ : id→ ∗ ∗ ∗∗ by the formula δV = (u∗V ∗)−1uV .
Denition 3.14. A ribbon ategory is a braided tensor ategory together with a
pivotal struture g : id→ ∗∗, suh that g∗∗g = δ.
We refer the reader who wants to learn more about ribbon ategories (espeially
the graphial alulus for morphisms, using tangles) to [K℄, [BaKi℄ or [Tu℄.
Assume now that C is a ribbon ategory. Reall for any simple objet V ∈ C one
an dene the dimension dimV . It is known (see e.g. [K℄) that dimV ∗ = dimV .
For any two objets V,W , one an dene the number SVW ∈ End(1) ∼= k to
be
(eV ∗⊗eW∗)◦(gV ⊗idV ∗⊗gW⊗idW∗)◦(idV ⊗σWV ∗⊗idW∗)◦(idV ⊗σV ∗W⊗idW∗)◦(iV ⊗iW ) .
Now assume that C is fusion, with simple objets Xi's. Then we an dene a
matrix S with entries Sij = SXiXj . S has the following properties:
(1) Sij = Sji
(2) Sij = Si∗j∗
(3) Si0 = dimXi 6= 0
Denition 3.15. A ribbon fusion ategory is alled modular if S is nondegener-
ate.
Proposition 3.16 ([Mu2, Tu℄). If C is a nondegenerate fusion ategory with a
spherial struture, then Z(C) is a modular ategory.
Proposition 3.17 ([BaKi, Theorem 3.1.7℄). In a modular ategory C,∑
k
SikSkj = (dimC)δij∗
Thus if C is a modular ategory, then dimC 6= 0 and we an dene new numbers
sij = Sij/
√
dimC (here we must make a hoie of the square root).
Theorem 3.18 (Verlinde formula, [BaKi℄).∑
α
Nαijsαr =
sirsjr
s0r
So sir/s0r are eigenvalues of the multipliation matrix Ni. In partiular, they
are algebrai integers (i.e. roots of a moni polynomial with integer oeients -
the harateristi polynomial of Ni). Hene:
Proposition 3.19. For every r, dimC(dimXr)2 =
sirsi∗r
s2
0r
is an algebrai integer.
This result will be very useful to prove lassiation theorems in setion 4.
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3.2.1 Galois property of the S-matrix. A remarkable result due to J. de Boere,
J. Goeree, A. Coste and T. Gannon states that the entries of the S-matrix of a
modular ategory lie in a ylotomi eld, see [dBG, CG℄. Namely, one has the
following theorem.
Theorem 3.20. Let S = (sij)i,j∈I be the S-matrix of a modular ategory C. There
exists a root of unity ξ suh that sij ∈ Q(ξ).
Proof. Let {Xi}i∈I be the representatives of isomorphism lasses of simple objets
of C; let 0 ∈ I be suh that X0 is the unit objet of C and the involution i 7→ i∗ of
I be dened by X∗i ∼= Xi∗ . By the denition of modularity, any homomorphism
f : K(C)→ C is of the form f([Xi]) = sij/s0j for some well dened j ∈ I. Hene
for any automorphism g of Q one has g(sij/s0j) = sig(j)/s0g(j) for a well dened
ation of g on I.
Now remember from the previous subsetion that one has the following prop-
erties:
∑
k sikskj = δij∗ , sij = sji, and s0i∗ = s0i 6= 0.
Thus,
∑
j sijsji∗ = 1 and hene (1/s0i)
2 =
∑
j(sji/s0i)(sji∗/s0i∗). Applying the
automorphism g to this equation we get
g(
1
s20i
) = g(
∑
j
sji
s0i
sji∗
s0i∗
) =
∑
j
sjg(i)
s0g(i)
sjg(i∗)
s0g(i∗)
=
δg(i)g(i∗)∗
s0g(i)s0g(i∗)
.
It follows that g(i∗) = g(i)∗ and g((s0i)2) = (s0g(i))2. Hene
g((sij)
2) = g((sij/s0j)
2 · (s0j)2) = (sig(j))2 .
Thus g(sij) = ±sig(j). Moreover the sign ǫg(i) = ±1 suh that g(s0i) = ǫg(i)s0g(i)
is well dened sine s0i 6= 0, and g(sij) = g((sij/s0j)s0j) = ǫg(j)sig(j) = ǫg(i)sg(i)j .
In partiular, the extension L of Q generated by all entries sij is nite and normal,
that is Galois extension. Now let h be another automorphism of Q. We have
gh(sij) = g(ǫh(j)sih(j)) = ǫg(i)ǫh(j)sg(i)h(j)
and
hg(sij) = h(ǫg(i)sg(i)j) = ǫh(j)ǫg(i)sg(i)h(j) = gh(sij)
and the Galois group of L over Q is abelian. Now the Kroneker-Weber theorem
(see e.g. [Ca℄) implies the result.
3.3 Lifting theory
First reall that a fusion ategory over an algebraially losed eld k an be re-
garded as a olletion of nite dimensional vetor spaesHkij (=Hom(Xi⊗Xj , Xk)),
together with linear maps between diret sums of tensor produts of these spaes
whih satisfy some equations (given by axioms of tensor ategories). Thus one
an dene a fusion ategory over any ommutative ring with R to be a olletion
of free nite rank R-modules Hkij together with module homomorphisms between
diret sums of tensor produts of them whih satisfy the same equations.
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By a realization of a fusion ring A over R we will mean a fusion ategory over R
suh that Nkij := dim(H
k
ij) are the struture onstants of A.
If I is an ideal in R and C a fusion ategory over R then it is lear how to dene
the redued (=quotient) fusion ategory C/I over R/I with the same Grothendiek
ring.
Tensor funtors between fusion ategories over k an be dened in similar
terms, as olletions of linear maps satisfying algebrai equations; this allows one
to dene tensor funtors between fusion ategories over R (and their redution
modulo ideals) in an obvious way.
Now let k be any algebraially losed eld of harateristi p > 0, W (k) the
ring of Witt vetors of k, I the maximal ideal of W (k) generated by p, and K the
algebrai losure of the fration eld of W (k) (har(K) = 0).
Denition 3.21. Let C be a fusion ategory over k. A lifting C˜ of C to W (k) is
a realization of Gr(C) over the ring W (k) together with an equivalene of tensor
ategories C˜/I→˜C.
In a similar way, one denes a lifting of a tensor funtor F : C → D: it is a tensor
funtor F˜ : C˜ → D˜ over W (k) together with an equivalene of tensor funtors
F˜ /I→˜F .
Theorem 3.22 ([ENO℄). Let C be a nondegenerate fusion ategory over k. Then
there exists a unique lifting of C to W (k).
Proof. This follows from the fat that liftings are lassied by H3(C) and obstru-
tions by H4(C). And we know from Setion 2 that the Davydov-Yetter ohomology
vanishes for nondegenerate ategories.
Theorem 3.23 ([ENO℄). Let F : C → D be a tensor funtor between nondegener-
ate fusion ategories over k. Then there exists a unique lifting of F to W (k).
Proof. Again, liftings of F are parametrized by H2F (C) and obstrutions by H3F (C),
whih are trivial in the nondegenerate ase.
Corollary 3.24 ([EG2℄). Any semisimple Hopf algebra H over k with tr(S2) 6= 0
(i.e., also osemisimple) lifts to H˜ over W (k).
Hene one an dene Ĥ = H˜ ⊗W (k) K, whih is a Hopf algebra over a eld of
haratristi zero. This allows one to extend results from the harateristi zero
ase to positive harateristi. For example, applying the Larson-Radford theorem
[LR℄ (see Corollary 4.26 below) to Ĥ , one an nd:
Corollary 3.25 (Kaplansky 7th onjeture, [EG2℄). If H is a semisimple and
osemisimple Hopf algebra over any algebraially losed eld, then S2 = 1.
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Corollary 3.26 ([ENO℄). A nondegenerate braided (resp. symmetri) fusion at-
egory over k is uniquely liftable to a braided (resp. symmetri) fusion ategory
over W (k).
Proof. A braiding on C is the same as a splitting C → Z(C) of the natural (forgetful)
tensor funtor Z(C) → C. Theorem 3.3 implies that suh a splitting is uniquely
liftable. Thus a braiding is uniquely liftable.
Now prove the result in the symmetri ase. A braiding gives rise to a ategor-
ial equivalene B : C → Cop, and it is symmetri if and only if the omposition of
B and B21 is the identity. Hene the orollary follows from Theorem 3.3.
We onlude the setion with mentioning a remarkable theorem of Deligne on
the lassiation of symmetri fusion ategories over C.
Theorem 3.27 ([De℄). Any symmetri fusion ategory over C is RepG for a nite
group G.
With some work, one an extend this result using orollary 3.26:
Corollary 3.28 ([EG3℄). Any symmetri nondegenerate fusion ategory over k
(of harateristi p) is RepG for a nite group G of order not divisible by p.
4 Frobenius-Perron dimension
4.1 Denition and properties
Let C be a nite tensor ategory with simple objets X0, . . . , Xn−1. Then for every
objet X ∈ Obj(C), we have a matrix NX of left multipliation by X : [X ⊗Xi :
Xj ] = (NX)ij . This matrix has nonnegative entries, and in the Grothendiek ring
we have : XXi =
∑
j(NX)ijXj .
Let us now reall the lassial
Theorem 4.1 (Frobenius-Perron). Let A be a square matrix with nonnegative
entries. Then
(1) A has a nonnegative real eigenvalue. The largest suh eigenvalue λ(A) dominates
in absolute value all other eigenvalues of A. Thus the largest nonnegative eigen-
value of A oinides with the spetral radius of A.
(2) If A has stritly positive entries, then λ(A) is a simple eigenvalue, whih is stritly
positive, and its eigenvetor an be normalized to have stritly positive entries.
Moreover, if v is an eigenvetor with stritly positive entries, then the orrespond-
ing eigenvalue is λ(A).
Thus to all X ∈ Obj(C) one an assoiate a nonnegative number d+(X) =
λ(NX), its Frobenius-Perron dimension.
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Examples 4.2. (i) The Yang-Lee ategory: X2 = 1 + X , so NX = (0 11 1) and
d+(X) =
1+
√
5
2 .
(ii) Let C = RepH for a nite dimensional quasi-Hopf algebraH , then d+(X) =
dim(X) for all H-modules X .
The following proposition follows from the interpretation of d+(X) as the spe-
tral radius of NX .
Proposition 4.3. For all objets X of C, log(length(X⊗n))logn → d+(X) when n goes
to innity.
Theorem 4.4 ([ENO℄, [E℄). The assignment X 7→ d+(X) extends to a ring ho-
momorphism Gr(C)→ R. Moreover, d+(Xi) > 0 for i = 0, . . . , n− 1.
Proof. Consider X =
∑
iXi ∈ Gr(C) and denote by MX the matrix of right
multipliation by X . For i, j ∈ I,
(MX)ij = [Xi ⊗X : Xj ] ≥ dim(Hom(Xi ⊗X,Xj))
=
∑
k
dim(Hom(Xk,
∗Xi ⊗Xj)) > 0 .
Hene by the Frobenius-Perron theorem, there exists a unique eigenvetor of MX
(up to saling) with stritly positive entries, say R =
∑
i αiXi: RX = µR with
µ = λ(MX). Now for all Y ∈ Gr(C), (Y R)X = µY R and then by the uniqueness
of R there is βY ∈ R suh that Y R = βYR. Sine R has positive oeients,
applying again the Frobenius-Perron theorem, we obtain βY = λ(NY ) = d+(Y ).
Consequently, d+(Y + Z)R = (Y + Z)R = Y R + ZR = (d+(Y ) + d+(Z))R and
d+(Y Z)R = Y ZR = Y d+(Z)R = d+(Y )d+(Z)R. So Y 7→ d+(Y ) extends to a
ring homomorphism Gr(C)→ R.
Suppose d+(Xi) = 0, then XiR = 0 and hene XiXj = 0 for all j ∈ I, whih is
not possible. Thus d+(Xi) > 0.
Remark. It is lear that the Frobenius-Perron dimension an be dened for
any nite dimensional ring with distinguished basis and nonnegative struture
onstants (even if it has no realization) and does not depend on the orresponding
ategory.
Proposition 4.5. d+ is the unique harater of Gr(C) that maps elements of the
basis to stritly positive numbers.
Proof. Let χ be another suh harater. Then χ(Xi)χ(Xj) =
∑
Nkijχ(Xk). Thus
the vetor with positive entries χ(Xk) is an eigenvetor of the matrix Ni with
eigenvalue χ(Xi). So by the Frobenius-Perron theorem, χ(Xi) = d+(Xi).
Corollary 4.6. Quasitensor funtors between nite tensor ategories preserve
Frobenius-Perron dimension.
Corollary 4.7. d+(X) = d+(X
∗).
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Properties of the Frobenius-Perron dimension.
(1) α = d+(X) is an algebrai integer (it is a root of the harateristi polynomial
of NX).
(2) ∀g ∈ Gal(Q/Q), |gα| ≤ α (use part two of the Frobenius-Perron theorem). In
partiular, α ≥ 1.
(3) α = 1⇔ X ⊗X∗ = 1 (in this ase X is alled invertible).
Proof. If X⊗X∗ = 1, then 1 = d+(1) = d+(X)d+(X∗). Sine d+(X) ≥ 1 and
d+(X
∗) ≥ 1, we nd that d+(X∗) = 1. Conversely, onsider iX : 1 →֒ X⊗X∗
and ompute
d+(X ⊗X∗) = d+(1) + d+(okeriX) = 1 + d+(okeriX) .
Now if d+(X) = 1, then d+(X ⊗ X∗) = 1, so d+(oker iX) = 0 and hene
oker iX ∼= 0. Consequently, iX is an isomorphism and thus 1 ∼= X⊗X∗.
(4) ([GHJ℄) If α < 2, then α = 2 cos pin for n ≥ 3.
Proof. Sine d+ is a harater, α is the largest harateristi value of NX .
But the largest harateristi value of a positive integer matrix A (i.e., the
spetral radius of
√
AAT ) is, by Kroneker's theorem, of the form 2 cos(pin ),
or is ≥ 2.
Theorem 4.8 ([EO1℄). Let C be a nite tensor ategory. C ∼= RepH as a tensor
ategory for a nite dimensional quasi-Hopf algebra H if and only if every objet
X of C has an integer Frobenius-Perron dimension.
Proof. First suppose that every objet X is suh that d+(X) ∈ N. Then one
an onsider the objet P =
∑
i d+(Xi)Pi, where Pi are projetive overs of Xi,
and dene a funtor F : C → Vet
k
;X 7→ Hom(P,X), whih is exat. Sine
F (−) ⊗ F (−) and F (− ⊗ −) extend to exat funtors C ⊠ C → Vet
k
that map
simple objets Xi ⊠ Xj to the same images, they are isomorphi. Thus F is
quasitensor and C ∼= RepH .
If C ∼= RepH , then reonstrution theory says there exists a quasiber funtor
on C. We know that suh a funtor preserves Frobenius-Perron dimensions, so
they are integers.
Corollary 4.9. If H1, H2 are nite dimensional quasi-Hopf algebras suh that
RepH1 ∼= RepH2 as tensor ategories, then H1 and H2 are equivalent by a twist.
Proof. In the proof of Theorem 4.8, there is no hoie in the denition of the
quasiber funtor F . Thus (by reonstrution theory) H is unique up to a twist.
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Remark. This is not true in the innite dimensional ase. For example, onsider
the ategory C = Rep(SLq(2)) of representations of the quantum group SLq(2)
with q not equal to a nontrivial root of unity. Then there are many ber funtors
on C whih are not isomorphi (even as usual funtors). More preisely, for every
m ≥ 2 one an nd a tensor funtor F : C → Vet
k
suh that dim(F (V1)) = m
(where V1 is the standard 2-dimensional representation of SLq(2)). Suh F an be
lassied and yield quantum groups of a non-degenerate bilinear form [B, EO2℄.
Finally, let us give a number-theoreti property of the Frobenius-Perron di-
mension in a fusion ategory, whih allows one to dismiss many fusion rings as
non-realizable.
Theorem 4.10 ([ENO℄). If C is a fusion ategory over C, then there exists a root
of unity ξ suh that for every objet X of C d+(X) ∈ Z[ξ].
Example 4.11. Consider the fusion ring A with basis 1, X, Y and fusion rules
XY = 2X + Y , X2 = 1+ 2Y and Y 2 = 1+X + 2Y . The omputation of d+(X)
redues to a ubi equation whose Galois group is S3. So we annot nd any root
of unity ξ suh that d+(X) ∈ Z[ξ], and onsequently A is not realizable.
4.2 FP-dimension of the ategory
Let C be a nite tensor ategory with simple objets X0, . . . , Xn−1. We denote by
Pi the projetive over of Xi (i = 0, . . . , n− 1).
Denition 4.12. The Frobenius-Perron dimension of the ategory C is d+(C) =∑
i d+(Xi)d+(Pi).
Examples 4.13. (i) If C is semisimple (and hene fusion), then d+(C) =
∑
i d+(Xi)
2
.
(ii) If C = RepH for a nite dimensional quasi-Hopf algebra H , then d+(C) =
dim(H).
The usefulness of this notion is demonstrated, for example, by the following
result.
Proposition 4.14 ([EO1℄). The Frobenius-Perron dimension of the ategory is
invariant under Morita equivalene.
Remember that Z(C) is Morita equivalent to C ⊠ Cop. Thus we have
Corollary 4.15. Let C be a nite tensor ategory. Then d+(Z(C)) = d+(C)2.
We note that for spherial ategories these results appear in [Mu1℄, [Mu2℄.
The following theorem plays a ruial role in lassiation of tensor ategories,
and in partiular allows one to show that many fusion rings are non-realizable.
32 Damien Calaque and Pavel Etingof
Theorem 4.16 ([EO1℄). If C is a full tensor subategory of a nite tensor ategory
D, then d+(D)d+(C) is an algebrai integer.
Examples 4.17. (i) Let D = C(G, 1) and C = C(H, 1) for a nite group G and its
subgroup H . Then Theorem 4.16 says that |H | divides |G| (beause an algebrai
integer whih is also a rational number is an integer). Thus Theorem 4.16 is a
ategorial generalization of Lagrange's theorem for nite groups.
(ii) Let D = RepA and C = RepB for a nite dimensional Hopf algebra A and
a quotient B = A/I of A by a Hopf ideal I. Theorem 4.16 says dim(B) divides
dim(A) (this is the famous Nihols-Zoeller theorem [NZ℄). The same applies to
quasi-Hopf algebras (in whih ase the result is due to Shauenburg, [S℄).
Theorem 4.18 ([ENO℄). If C is a fusion ategory with integer d+(C), then d+(Xi)2 ∈
N for all i ∈ I.
Proof. Let C
ad
be the full tensor subategory of C generated by diret summands
of Xi ⊗X∗i (i ∈ I), and dene B = ⊕i(Xi ⊗X∗i ). This objet has an integer FP
dimension: d+(B) = d+(C) ∈ N. Then onsider M = NB⊗m , the left multiplia-
tion matrix by B⊗m in C
ad
. This matrix has positive entries for large enough m
(sine any simple objet of C
ad
is ontained in B⊗m).
Let Y0, ..., Yp be the simple objets of Cad. The vetor (d+(Y0), . . . , d+(Yp)) is an
eigenvetor of M with integer eigenvalue d+(B)
n
. By the Frobenius-Perron the-
orem, this eigenvalue is simple. Thus the entries of the eigenvetor are rational
(as d+(Y0) = 1) and hene integer (as they are algebrai integers). Consequently,
d+(Xi ⊗X∗i ) = d+(X2i ) ∈ N.
Example 4.19. Let C be a Tambara-Yamagami (TY) ategory (see example
1.26). Then d+(g) = 1 for g ∈ G. Also, X2 =
∑
g∈G g, so d+(X) =
√|G|. Thus
d+(C) = 2|G|.
In the partiular ase of the Ising model (G = Z2), d+(1) = d+(g) = 1 and
d+(X) =
√
2, and d+(C) = 4.
4.3 Global and FP dimensions
Until the end of the paper, and without preision, we will assume that our ate-
gories are over C.
4.3.1 Comparison of global and FP dimension. Let C be a fusion ategory.
Theorem 4.20 ([ENO℄). For every simple objet V in C, one has |V |2 ≤ d+(V )2,
and hene dimC ≤ d+(C). Moreover, if dimC = d+(C), then |V |2 = d+(V )2 for
any simple V .
Proof. It is suient to onsider the pivotal ase (otherwise one an take the
pivotal extension C and reall that the forgetful funtor F : C → C preserves
squared norms and FP dimension, beause it is tensor).
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In this ase Ni ~d = di ~d (where di = dimXi and ~d = (d0, . . . , dn−1)), thus by the
FP theorem |di| ≤ d+(Xi), and this is an equality if
∑
i |di|2 =
∑
i d+(Xi)
2
.
Remark. In general, the FP dimension of a fusion ategory and its global
dimension are not equal, or even Galois-onjugate (and the same is true for d+(V )
2
and (dimV )2, for any simple objet V ).
Now denote respetively by D and ∆ the global and FP dimensions of C. We
already know D/∆ ≤ 1 (previous theorem), moreover we have
Theorem 4.21 ([ENO℄). D/∆ is an algebrai integer.
Proof. We an assume C is spherial. Otherwise one may onsider its pivotal
extension, whih an be shown to be spherial (see [ENO℄), and whose global and
FP dimensions are respetively 2D and 2∆).
In this ase Z(C) is modular, of global and FP dimensions D2 and ∆2 (respe-
tively). Let s = (sij)ij be its S-matrix. It follows from the Verlinde formula that
the matries Ni have ommon eigenvalues sij/s0j , and the orresponding eigen-
vetors are the olumns of s. Sine s is nondegenerate, there exists a unique label
r suh that sir/s0r = d+(Yi), where Yi are the simple objets of Z(C)).
Then ∆2 =
∑
i d+(Yi)
2 =
∑
i
sri
s0r
sir
s0r
= δr∗r/s
2
0r, where we used the symmetry
of s and the fat that s2 = (δi∗j)ij . So we nd that r = r
∗
and ∆2 = 1/s20r =
D2/(dimXr)
2
. Consequently D2/∆2 = (dimXr)
2
, hene D/∆ is an algebrai
integer.
Corollary 4.22 ([ENO℄). Let C be a nondegenerate fusion ategory over a eld k
of harateristi p. Then its FP dimension ∆ is not divisible by p.
Proof. Assume that∆ is divisible by p. Let C˜ be the lifting of C, and Ĉ = C˜⊗W (k)K
where K is the algebrai losure of the fration eld of W (k). Then the Theorem
4.21 says that the global dimension D of Ĉ is divisible by ∆, hene by p. So the
global dimension of C is zero. Contradition (C is nondegenerate).
4.3.2 Pseudo-unitary fusion ategories.
Denition 4.23. A fusion ategory C (over C) is alled pseudo-unitary if dimC =
d+(C).
Remark. Unitary ategories (those arising from subfator inlusions, see [GHJ℄)
all satisfy this ondition (so the terminology is oherent).
Proposition 4.24 ([ENO℄). Any pseudo-unitary fusion ategory C admits a unique
spherial struture, in whih dimV = d+(V ).
Proof. Let b : id → ∗ ∗ ∗∗ be an isomorphism of tensor funtors, and g : id → ∗∗
an isomorphism of additive funtors suh that g2 = b. Let fi = d+(Xi). Dene
di = tr(gXi) and
~d = (d0, . . . , dn−1); then fi = |di| by pseudounitarity. Further,
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we an dene the ation of g on Hom(Xi ⊗Xj , Xk); let (Ti)jk denote the trae of
this operator. Then Ti~d = di ~d, and |(Ti)jk| ≤ (Ni)jk. Thus,
fifj = |didj | = |
∑
(Ti)jkdk| ≤
∑
(Ni)jkfk = fifj .
This means that the inequality in this hain is an equality. In partiular (Ti)jk =
±(Ni)jk, and the argument of didj equals the argument of (Ti)jkdk whenever
(Ni)jk > 0. This implies that whenever Xk ours in the tensor produt Xi⊗Xj ,
the ratio d2i d
2
j/d
2
k is positive. Thus, the automorphism of the identity funtor
σ dened by σ|Xi = d2i /|di|2 is a tensor automorphism. Let us twist b by this
automorphism, i.e., replae b by bσ−1. After this twisting, the new dimensions di
will be real. Thus, we an assume without loss of generality that di were real from
the beginning.
It remains to twist the square root g of b by the automorphism of the identity
funtor τ given by τ |Xi = di/|di| (i.e., replae g by gτ). After this twisting, the
new Ti is Ni and the new dk is fk. This means that g is a pivotal struture with
positive dimensions. It is obvious that suh a struture is unique. We are done.
Theorem 4.25 ([ENO℄). Any fusion ategory of integer FP dimension ∆ is
pseudo-unitary. In partiular it is anonially spherial.
Proof. Let D = D1, . . . , Dm be the algebrai onjugates of D = dimC. Then
onsider gi ∈ Gal(Q/Q) suh that gi(D) = Di, and the orresponding ategories
Ci = gi(C). We know that dimCi = Di and d+(Ci) = ∆, so Di/∆ ≤ 1 is an
algebrai integer. Hene
∏
i(Di/∆) is an algebrai integer ≤ 1. But it is also a
rational number (beause
∏
iDi,∆ ∈ N), so it is an integer whih is neessarily 1,
and therefore Di = ∆ for all i. In partiular D = ∆.
Corollary 4.26 (The Larson-Radford theorem, [LR℄). If H is a nite dimensional
semisimple Hopf algebra over C with antipode S, then S2 = 1.
Proof. Let C = RepH . On the one hand we know that d+(C) = dim(H) ∈ N,
hene C is pseudo-unitary. By example 2.4, it means dim(H) = dimC = tr(S2).
On the other hand, S is of nite order, so S2 is semisimple and its eigenvalues are
roots of unity. Consequently S2 = 1.
4.4 Classiation
A natural lassiation problem for fusion ategories is the following one.
Problem 4.27. Classify fusion ategories over C of given Frobenius-Perron di-
mension.
The next theorem solves this problem in the ase of the Frobenius-Perron di-
mension being a prime number p. Namely, it generalizes to the quasi-Hopf algebra
ase a result of Ka and Zhu on semisimple Hopf algebras of prime dimension p.
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Let C be a fusion ategory over C.
Theorem 4.28 ([ENO℄). If d+(C) = p is a prime, then C = C(Zp, ω). In parti-
ular, any semisimple quasi-Hopf algebra H of prime dimension p is of the form
H = Fun(Zp) with assoiator dened by ω ∈ H3(Zp,C×) = Zp.
Proof. d+(C) = p is a prime, then d+(Z(C)) = p2 ∈ N. Hene Z(C) has a anonial
spherial struture in whih di := dimXi = d+(Xi) for any simple objet Xi.
Moreover, sine C is itself spherial (beause it is of integer FP dimension), Z(C)
is modular and hene p2/d2i is an algebrai integer. Thus di = 1 or
√
p (as d2i ∈ N).
If there exists i suh that di =
√
p, then using the forgetful funtor F : Z(C)→ C
we nd a simple objet F (Xi) in C with FP dimension √p (it is simple beause
the dimensions of its simple onstituents must be square roots of integers). Sine
d+(C) = p, it is the only simple objet in C. This is a ontradition (there must
be a neutral objet).
Consequently, all simple objets in Z(C), and hene in C also (using F ), have FP
dimension 1, i.e. are invertible. But fusion ategories all whose simple objets are
invertible are all of the type C(G,ω). In our ase the group G must have order p,
so the result is proved.
With quite a bit more work, this theorem an be extended to the ase of
produts of two primes.
Theorem 4.29. If d+(C) = pq for two prime numbers p ≤ q, then either p = 2
and C is a Tambara-Yamagami ategory attahed to the group Zq, or C is Morita
equivalent to C(G,ω) with |G| = pq.
Proof. The ase p = q is done in [ENO, Proposition 8.32℄ and the ase p < q is
treated in [EGO℄.
Open problems
In onlusion we formulate two interesting open problems.
(1) Let us x N ∈ N (and still work over C). E. Landau's theorem (1903) says
that the number of nite groups whih have ≤ N irreduible representa-
tions is nite. In the same way, the number of semisimple nite dimensional
quasi-Hopf algebras whih have ≤ N irreduible representations is nite (see
[ENO℄).
It is natural to ask if the number of fusion ategories over C with ≤ N simple
objets is nite. In the ase N = 2 this is shown in [O2℄, but the ase N = 3
is already open.
(2) Does there exists a semisimple Hopf algebra H over C whose representation
ategory RepH is not group-theoretial?
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For quasi-Hopf algebras, it exists (onsider e.g. a TY ategory related to
G = Zp × Zp with the isomorphism G∨ → G orresponding to an ellipti
quadrati form, see [ENO℄).
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